We present a sufficient condition of existence of asymptotic expansion in negative power series for a function defined by Taylor series and unitary formulas for coefficients of this expansion. An example of computing scheme for arctangent function is represented.
Introduction
In accordance with the theory of analytic continuation of complex variable function all properties of a function analytic in some point are defined by its power expansion in this point [1] . The central practical problem of the theory is research of function properties immediately on series coefficients prescribed.
At present there exist several methods of this problem solution based on assumption that we possess beforehand some information either about class of the function or about general tend of its power expansion terms behaviour [2] .
There are: method of Padé approximations [2] , method of J G 3 -approximations [3, 4] , method of quadratic approximations [5] , method of Levin approximations [6] . Also methods similar to second and third can be obtained as particular cases of general Hermite-Padé problem.
The problem of function asymptotic expansion in prescribed system of functions requires information about class of function [7] . For the function defined by power series this problem can be solved with the aid of mentioned methods by expansion of approximant resulted. This way is concerned with sequence of intermediate expansions with coefficients depending on quantity of power series coefficients used.
As coefficients of intermediate expansions are not equal to coefficients of asymptotic expansion, the difference between partial sums of intermediate expansion functions and original function generally can not be evaluated with the formulas of asymptotic expansion [7] .
Also all mentioned approximations require solving a system of linear algebraic equations what reduces their application.
Some recent results developing considered approach are represented in papers [8, 9, 10] . One result concerned with asymptotic evaluation of defined class of functions using the expansion itself was obtained in [11] .
The main approach of present paper is in searching for some function, which Taylor expansion coefficients in fixed point of variable coincide with coefficients of asymptotic expansion of prescribed series in infinite increasing of variable. Using this way we present a sufficient condition of existence and formulas for the coefficients of asymptotic expansion in negative powers of variable for the function defined by power series. 
We need the coefficients of ( )
if this expansion exists.
This case expansion (2) is asymptotic expansion of ( ) 
can be expanded in series (2) and coefficients of this expansion are defined by equations
Proof. In accordance with Notations,
Formal expansion of ( )
what can be written as
where
Then, using Taylor formula, we have
Let us introduce the function
then ( ) ( )
The derivatives of n-th term of ( )
what can be proved by induction.
In accordance with (6),
Let ( ) 
where, in accordance with Taylor formula,
or, in accordance with (10),
If ( ) 
In accordance with (12) 
where ( )
is defined only by equation (7), * n c are values to define. In accordance with (5) we can write
Under Theorem 1 hypothesis ( )
, so, in accordance with (1), we can write expansion
(15) right part converges while
R is radius of convergence for series (1) . In accordance with (7) and (13 -15) we have
Let us consider coefficients of expansion of the function
in formal power series
In accordance with Notations,
( )
can be expanded in powers of x:
Let us consider the coefficients k n c , ′ .
The expansion exists
Next identity for integers
can be proved by induction. Then
Next identity for integers 0
can be proved by induction.
In accordance with (21), (23) and (24),
Let us consider the coefficients of (25) terms. The identity exists
In accordance with (25) and (26),
Let us introduce summation index 1
and (27) can be transformed to
In accordance with (19), (20) and (28),
and
Let us introduce summation index
and (30) can be transformed to
or, in accordance with property of binomial coefficients,
Let us equate the coefficients of equal terms of (17) left part expansion in power series and (17) right part and obtain next formulas
After replacement in (33) k by s we will obtain equations of Definition for asymptotically associated function.
On coefficients of asymptotic expansion
Let us consider the problem of obtaining the coefficients of expansion
under condition of existence of expansion (2).
If expansion (34) exists then it is asymptotic expansion of ( ) [7] . Let us express coefficients of (34) in coefficients of expansion (2) . In accordance with Notations, functions x and x are connected by the equation
Then formal expansions of ( )
in (2) and (34) can be written as
In accordance with (35),
The equation (37) can be transformed to (17) type after replacement x by ( )
Then (33) can be transformed to
Formulas (40) uniquely and finitely define coefficients of expansion (34) on prescribed coefficients of expansion (2), so Theorem 1 formulates sufficient conditions of existence for expansion (34).
Example of method application
Define first two coefficients of expansion (2) 
Let us calculate these values.
what can be immediately used for calculation of * n c with help of equations (33). First 30 coefficients of series (42) and (13) with 10 decimal places are represented in Table 1 . 
In accordance with (12) for ( )
and (44), radius of convergence of ( ) 
In accordance with (45) ( ) 
To practically use (46) is necessary to terminate summation after some n fulfilling the inequality
where α is some prescribed value. Let us choice a step of variation of (13) analytic continuation center of convergence x ∆ . For fixed values of quantity m of (13) coefficients and acceptable accuracy of calculation analytic continuation coefficients we can obtain for each analytic continuation less coefficients than for previous.
Let us compare results of ( ) Calculation was performed with 19 decimal places. Results are represented in Table  2 . Table 2 . Calculated values of ( ) As most values of ( ) Table 2 can be used for determination of the coefficients required.
In accordance with (41), 
After expansion of (51) right part in series (42) we have
Then 2
In accordance with (33),
In accordance with (50) and (53), exact values of calculated coefficients are
On coefficients of expansion (3) if (13) converges for
In accordance with the example represented the accuracy of the method depends on several parameters of computing scheme. Not concerning the problem of accuracy increasing let us consider the case when original series (1) allows to obtain formulas for the coefficients of expansion (2) as a converging infinite sum. In accordance with Theorem 1, a sufficient condition of expansion (2) existence for series (1) is analyticity of asymptotically associated function ( )
. Under this condition coefficients of series (2) are defined by equations (3). If radius of convergence of series (13) 1 > R coefficients of (2) can be obtained by immediate summation of (13) and its derivatives. To obtain these formulas first let us formulate and prove several propositions concerning binomial coefficients then let us transform equations (3).
Propositions

Proposition 1. For integers a and elements of some countable set i r we have
Proposition 2. For integers 
Proposition 4. For integers 
After replacement in (59) z with k we will obtain the sum of (54) right part. 
For ( ) 
Left part of (61) 
In accordance with property of binomial coefficients (Pascal's triangle), the identity exists
what coincides with right part of (61).
Proposition 3. Let us use induction. For ( )
(56) right part can be transformed to 
what coincides with right part of (64). 
Let us introduce summation index 1 To transform left part of (66) let us use Abel's lemma [7] :
,
We have 
After returning to summation index n in the second additive of (68) right part, 
, then second additive of (9) Let us introduce summation index 1
In accordance with (56), 
In accordance with (71 -74), 
After returning to summation index n in the second additive of (75) right part, 
As the second additive of (57) right part is equal (76), (57) can be transformed to 
The second additive of (77) right part can be put under the summation operator of the first additive for ( ) r z = then (77) coincides with (69).
Transformation of equations (3)
Derivatives of a converging power series are described with identity
n, k -integer values, x is inside radius of convergence of (78).
In accordance with (78) equations (3) can be written as
Let us obtain equations connecting k q′ and n c where each coefficient of expansion (1) is used only once. Obviously if (33) is directly substituted to (79) we will have instead of required formulas an infinite sum of terms containing a product of finite and infinite values. To eliminate the uncertainty let us consider the converging series as a limit of a finite sum for infinite increasing of processing terms quantity.
As all considered series in (79) are converging, we have ( ) 
Let us introduce summation index 
In accordance with (7) let us modify (36) to 
In accordance with (54) (86) can be modified to 
Let us change the order of (87) summation. Similarly to obtaining of (84) we can write
or ( ) 
where n γ can be written in two different ways for k n ≤ and for k n > : 
Similarly, for k n ≤ first equation of (91) 
